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The solution of (7) has been given by Clarke [2] as

Y2 = (Dfi(0) (e +yPsin {% tan*‘(f)%} ®
which may be compared with [1], equation (24). Kierkus
in fact, in his outer solution, attempts to model the effects
of a finite plate whilst retaining the solution for a semi-
infinite plate in the inner region. His first-order inner and
outer solutions are therefore incompatible. The finite-plate
problem remains unsolved.

Returning now to the next term of the inner solution we
consider (1b)for the pressure distribution. With P, = x*h,{n)
we have for the upper surface

hy=g;tang, h;—»0 as - o0 9}

This has been given by Kierkus as the leading term of a
series associated with the second-order boundary-layer
solution. However we note that the remaining terms in his
series are meaningless within the context of the in-
compatibility of his first-order solutions. As Kierkus notes,
the pressure distribution in the boundary layer which forms
on the lower surface is obtained from (9) by simply changing
the sign of ¢. As for the symmetrical case ¢ = 0 (see [2])
it can be shown that ®, = 0. The second-order velocity
field ¥, within the boundary layer adjusts the “slip” velocity
W2/l sm0 = X ¥1{o0), (x > 0) to zero at the plate; its
structure is significantly influenced by the self induced
pressure field calculated from (9). Thus if we write
¥, = f2+{n) where + refer to the upper and lower sides of
the plate respectively, then from (1a)

e 43 s~ fis Flhy—nhy) = 0, } (10)
f2:0) =320} =0, f31(o0) = Ffi{c0).

This solution has also been given by Kierkus, as the leading
term of an otherwise meaningless series. We show in Fig. 1
the velocity functions f3:(n) for o=1, ¢ =60°. The
asymmetry in the boundary-layer flow brought about by the
favourable/adverse pressure gradients on the upper/lower
surfaces is clearly demonstrated. To calculate the next termin

the outer series (3) we require a matching condition which is
derived from the asymptotic form of the solution of (10)
as n— co. Thus foy ~3fi(c0)p+¢y1 as 51— co where, for
c=1, ¢=60° ¢, =67845 c,. = —112985. Before
proceeding we make the following important observation,
namely that f, = ¥(f;. +£,.) is the solution in the absence
of any self-induced pressure field, i.e. ¢ = 0 as in [2]. Thus
if f ~ 3fy(c0)n + ¢, then

€2 =Heas +622). {11}

X we now consider the term O(Gr~%} in (3), it can again
be established that the solution is isothermal and
irrotational, so that the problem for ¢/, is

V35 =0, ¥3=dcs, y=04, x>0 (12
The solution of (12) for ¥, is
1
‘/’3‘“’Cz+“—(cz++52~)tan*1(z>s (13)
2 x

from which the purely symmetrical solution is obtained by
setting ¢;+ = ¢,. However since the streamlines in the outer
flow are given by ¥ = const. we see from (8), (11) and (13)
that to an observer outside the boundary layer the
symmetrical streamline pattern associated with the case
¢ =0 is preserved. Only the ‘label’ associated with each
streamline is changed by the constant amount 4(c;4 —¢2_).
Streamlines calculated from (8), the leading term in (3), are
shown in [2]. In Fig. 2 we show the effect upon the
streamline pattern of including the second term (13), for a
particular value of Gr.

We note finally that since ©, = 0 the heat transfer from
the plate is the same as that for a vertical plate up to,
but not including, terms of relative order Gr™%.
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NOMENCLATURE
Cp, specific heat at constant pressure;
f{m), normalized stream function;
g, gravity;
h., local heat-transfer coefficient ;
k, thermal conductivity;
M, molecular weight ;
Nu,, local Nusselt number;

Pr, Prandtl number;
Se, Schmidt number;

T, temperature;

w,v,  xand y components of velocity;

W, mass fraction;

X,y  parallel and normal direction to the wall.

*Research Assistant,
tAssociate Professor.

Greek symbols
A, latent heat;
o, density;
Br, coeflicient of expansion;
i, Viscosity;
8, dimensionless temperature;
¢, dimensionless concentration;
¢, ratio of the product of density and viscosity;
7, similarity variable.

Subscripts and superscripts

condensable vapor;
noncondensable gas;
liquid;

vapor;

interface;

bulk;

T e



w, wall;
N, Nusselt model;
(), differentiation.

INTRODUCTION AND ANALYSIS

It 1s well known [ 1-3] that the presence of noncondensable
gases in a vapor can substantially decrease the heat-transfer
rate in film condensation. Many analyses [4-6] were done
for the case in which the noncondensable gas has a larger
molecular weight than that of the vapor. When the molecular
weight of the noncondensable gas is smaller or lighter than
that of the condensable there will be an unfavorable
buoyancy effect which tends to retard the flow of vapor
condensing on a vertical wall. Spencer et al. [ 7] experimented
with Freon 12 mixed separately with lighter gases of nitrogen,
helium, and carbon dioxide and found that a large reduction
of heat transfer occurred in the presence of very small amount
of noncondensable gas and that the lighter the non-
condensable gas, the stronger the instability of the vapor—
liquid interface will be. In this note similarity solutions of
film condensation. under unfavorable buoyancy condition
with small percentage of noncondensable gas are given.

Consider an isothermal vertical flat plate at temperature
T, is immersed in a large bulk of a gas-vapor mixture at a
saturated temperature T,,. When the film condensate flows
downward along the plate, y coordinate, due to gravity, the
gas vapor mixture is induced to move by the condensed
liquid and by the natural convection resulting from
temperature and concentration gradients of the mixture. The
local concentrations of vapor and gas can be expressed as
W, = p,/p, and W, = p,/p, where p, is the local density of
the mixture and p, and p, are the local densities of the
vapor and gas. When the mixture is assumed as an ideal
gas and the Boussinesq and boundary layer approximation
are used the equations expressing conservation of mass,
momentum and energy for the laminar film condensation
can be found elsewhere [4, 5] or [8].

Under similarity transformation [8] the similarity
variables for liquid and vapor side, subscripted with, L, and
V, respectively are

L= CL,V/X‘L Cp= [g(mz_ﬁi}
ipL
gBrl(Wie — W) |}
v = Cy yy/x? Gy = [Wlevg"—' ~

The temperature, concentration and velocity components in
terms of the above similarity variables are

-T -~Wis
Orlns) = Tw“f ¢= ;;; >
w i HT Wi
Uu; =‘4VLCLX*f;/‘ Wy = 4VV ny}f;/

[

v = v Cox " ¥or fi—3f) vy v —3f).

The governing equations under the similarity transformation
become

wCpx™

RS2+ 1 =
o +3PrLfL9L =0
V3 7 -2 +sign(Bod =0

(;‘7 +3Scﬁ,¢ =0
where

1
Br= ";; ((;I,;:) = (My— M)/[(M;— M)W, . + M,]

+1for By >0 0r My > M,
{heavier noncondensable)

~1for fr <Oor M, < M,
(lighter noncondensable)

sign(fy) =

M denotes the molecular weight while Pr, and Sc are
respectively the Prandtl and Schmidt number. W, is the
vapor concentration at the interface.
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The boundary conditions under the similarity trans-
formation are: at the wall, ., =0: £, =0, /1 =0, 8, = {;
at the liquid—vapor interface, 1, = #5 or ny =0: 0, =0,
¢ = 0; at the edge of vapor boundary layer, n, — co: fy =0,
¢ =0.

The interfacial matching conditions under the similarity
transformations [8] are:

Interface velocity: fri=E"Y, (= Prie
Py Hy

Interface mass flow:  fy, = (3¢,

i E= 1Brl(Wy s~ Who).
Interface shear stress:  fy; = (Y&
The interfacial temperature T; and concentration W,; are
given as

Co{T;-T,) - =~ 3Pry f(ngs)
A 0. (1Ls)
e _ Mo @ty = 0)+35dftny = 0)
1=

&lny = 0)+ 38,y =
The heat transfer at the wall is then obtained as

h.x glp,— pm)x:| -T,)
“E7 = Nu, G el
PR [ 4p,v 707 T, -Ty

Since the heat transfer of the pure vapor under Nusselt’s
assumption is

[CpL( Tco - Tw)4vL kL} %
Nu.y = 3
}'ngL(eoL - pm)x

the ratio of the present heat-transfer coefficient to that of
Nusselt may be considered as an estimate of the effect of
the noncondensable gas on heat transfer.

RESULTS AND DISCUSSION

We choose a mixture Freon-12 vapor with N; as a lighter
noncondensable for computation because of its practical
importance in the refrigeration process. Numerical solutions
were carried out mostly for Schmidt number of S¢ =03
but sufficient solutions were also obtained for Sc =02 to
indicate the trend when temperature ranges are varied
(Tables 1 and 2).

In the present calculation, the latent heat, A, is evaluated
at T, while the value of C,;, and Pr, are evaluated at
T,+031(T,—T,).

Table 1. Numerical solutions of the vapor governing

equations
Run s . ;
Na Se KO RO 0 $0)
1 03 1-75. 06 — 38966 —1-62682
2 03 2:00 0-6 —42597  —185062
303 300 0-6 —~58534  —274034
4 03 500 0-6 —9-2780 —-4-52638
5 03 1-50 03 —2:1527 —1:35042
6 03 200 03 —2-3805 — 181664
7 03 500 03 47351 —451267
8 03 300 1-0 —~96140 —2-76985
9 02 300 06 ~60342 —1-82456
10 02 500 06 —9-3874 — 301806
11 02 2-00 03 —3-2746 —1-80805
12 02 500 03 ~-4-8462 300792
13 05 0-80 0050 0-5190 —1-30590
14 05 1-35 0-050 0-2600 —2:06380
15 05 0-50 0-145 04220 —~097244
16 a5 120 0145 — 00451 ~1-87277

Runs 1 to 12 are for Freon 12-nitrogen case (lighter
noncondensable).

Runs 13 to 16 are for steam-—air case (heavier non-
condensable).
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Nu,

Cu(Ti~T)
APry,
0161
0104
00202
01270

6(0)
2833

T
5827
136:50

MLs
03544
0-5570
0-3691
0:5847
04366
07354
0-5724
0-5803
04135
06189

fimy

00614
01372
00664
01484
00911
02036
0-1455
0-1484
00819
01632

Sung
00145

Table 2. Sample data of heat-transfer calculation (S¢ = 0-3) for Freon 12-nitrogen mixture
¢

w/‘ e 4]
09999
0-9995
09999
09995
09999
0-9995
09999
09998
09998
09998

Run
No.

Figure 1 shows typical vapor velocity and concentration
profiles for the mixture of Freon 12-nitrogen. We note that
the thickness of the velocity boundary layer is smaller than
that of concentration layer. This is partially due to the
buoyant force which tends to move nitrogen gas upward and
hence to retard the downflow of Freon-12 vapor and liquid.
As a result although the mixture moves downward it moves
slower than the case of pure vapor. Thus nitrogen
accumulates near the interface to build up a large
concentration layer. In addition, the fact that Schmidt
number of Freon 12-nitrogen mixture is less than unity,

1 1 I
Freon 12 ~nitrogen
, 04 -
— fv
£ ——¢
) 02 5 —
- 7
£
> / " RunNo. 5 —
(see Table 1}
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FiG. 1. Velocity and concentration profiles.
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Fi1G. 2. Heat-transfer result for Freon 12-nitrogen mixture,

means that the mass diffusivity is larger than the viscous
diffusivity. Therefore, the concentration layer should be
larger than the velocity layer. In order to bring out the
contrast of the effect of lighter and heavier noncondensable
gas we calculated several cases of steam-—air mixture as also
shown in Fig. 1. From the figure we see that while the
concentration profile for steam—air mixture is similar to the
Freon 12-nitrogen mixture, the velocity profiles are
distinctly different. First the velocity boundary layer thick-
ness is much larger for the steam—air mixture because of a
larger value of Schmidt number 0-5, and the favorable



996 Shorter Communications

buoyant effect. Secondly the interfacial shear is smaller and in
many instances the shear force acts in the opposite direction
compared with the Freon 12-nitrogen mixture (see Table 1
for fy(0)). Furthermore the fact that the buoyant effect
introduces a larger shear force at the interface for the case
of Freon 12-nitrogen mixture may promote instability in

both the vapor boundary layer and the liquid—vapor inter-
face as pointed out by the experimental work of Spencer
et al. [7]. They observed the instability of the vapor
boundary layer while operating on a saturated bulk tem-
perature from 80 to 100°F and a temperature difference
between the bulk and the wall being about 2-36°F with a
mass fraction of the condensable vapor in the bulk form
0-993 or less. Two heat-transfer results are shown in Fig. 2.
It is seen that the presence of a small amount of non-
condensable gas in the bulk may cause a considerable
reduction in heat transfer such tHat a presence of 0-01 per
cent of nitrogen in Freon 12 vapor operating at 0°F may
cause a reduction in heat transfer more than 10 per cent.
It is noted that as the pressure (temperature) at which
condensation process takes place decreases, the effect of
noncondensable gas in reducing heat transfer increases. This
trend is observed in steam-air system studied by Minkowycz
and Sparrow [5]. Physically, when the operating pressure
(temperature) decreases, the mixture density decreases.
Therefore, the ratio of (pu)./(pu), increases. As a con-
sequence, the interfacial concentration of noncondensable
gas increases and thus causes a reduction in heat transfer.
In general, in the case of Freon 12-nitrogen mixture,
numerical results show that the temperature drop in the
liquid phase is more pronounced than that in the vapor
phase. For example (Table 2), when the operating tempera-
ture, T,, is at 48:'1°F with Sc =03, W, = 09999, we
obtain T; = 46:3°F when T,, = 16:6°F. On the contrary, the
trend is generally opposite in the case of steam-air mixture.
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As an example [8], we have T, = 200°F with Sc = 0-5,
Wiw = 098 then T; = 180-8°F when T, = 177-3°F. It should
be remarked finally that similarity solution does not exist
for high bulk concentration of noncondensable gas in the
case of lighter noncondensable.
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NOMENCLATURE

Bi, Biot number, hD,/k ;

D.. equivalent hydraulic diameter, 2ab/(a + b);

h, heat-transfer coefficient,

—k(3T/ON),, = h(T,,— Ty,);

Dean number, Re(D,/R)'/?;

thermal conductivity;

outward normal at wall;

local Nusselt number, D, /k;

dimensionless outward normal, N/D, ;

Prandtl number, v/a;

radius of curvature;

Reynolds number, D, W/v;

, dimensionless radius of curvature, R/D, ;

T, T.,T,T,, fluid temperature, freezing temperature of

liquid, uniform fluid entrance temperature and

ambient fluid temperature, respectively;
velocity components in X, Y, Z directions;
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UV, W,

w, average axial velocity;
u,v,w, dimensionless velocity components,
(U, V)/(v/D,), W/W];

X, Y,Z, Cartesian coordinates;

x,y,z, dimensionless coordinates,
[(X,Y)/D.,Z/D.(PrRe)];

z;, dimensionless entrance distance where
solidification begins;

¥, aspect ratio of a rectangular channel, b/a;

€, superheat ratio, (Tp — T))/(T; - T..);

0, dimensionless temperature difference,
(T~ T T —To);

0,,6,, bulk temperature,

[ [

and local wall temperature;
v, dimensionless stream function [12,13];
average quantity.



